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Abstract. We classify biharmonic submanifolds with certain geometric proper- 
ties in Euclidean spheres. For codimension 1, we determine the biharmonic hyper- 
surfaces with at most two distinct principal curvatures and the conformally flat 
biharmonic hyp ersurf aces. We obtain some rigidity results for pseudo-umbilical 
biharmonic submanifolds of codimension 2 and for biharmonic surfaces with paral- 
lel mean curvature vector field. We also study the type, in the sense of B-Y. Chen, 
of compact proper biharmonic submanifolds with constant mean curvature in 
spheres. 



1. Introduction 

The study of biharmonic maps between Riemannian manifolds, as a generalization 
of harmonic maps, was suggested by J. Eells and J.H. Sampson in [9]. They define 
the energy of a smooth map 4> : (M, g) — ► (N, h) between two Riemannian manifolds, 
by E(4>) = ^ J M \d(j)\ 2 v g , and say that cf> is harmonic if it is a critical point of the 
energy. The Euler-Lagrange equation associated to E is given by the vanishing of 
the tension field t{4>) = trace Vdqb. 

By integrating the square of the norm of the tension field one can consider the 
bienergy of a smooth map (f), E2((f)) = \ f M \t(4>)\ 2 v g , and define its critical points 
biharmonic maps (see |18j). The first variation formula for the bienergy, derived in 
|12j . shows that the Euler-Lagrange equation associated to E2 is given by the van- 
ishing of the bitension field T2{(j>) = —J^(t ((/))) = —At(4>) — trace R N (d<p,T(<p))d<p, 
where is formally the Jacobi operator of (j>. The operator is obviously linear, 
thus any harmonic map is biharmonic. We call proper biharmonic the non-harmonic 
biharmonic maps. 

During the last decade important progress has been made in the study of both the 
geometry and the analytic properties of biharmonic maps. In differential geometry, 
a special attention has been payed to the study of biharmonic submanifolds, i.e. 
submanifolds such that the inclusion map is a biharmonic map. 

Moreover, the non-existence theorems for the case of non-positive sectional cur- 
vature codomains, as well as the 

Generalized Chen's Conjecture: Biharmonic submanifolds of a manifold N with 
Riem^ < are minimal 

encouraged the study of proper biharmonic submanifolds in spheres or other non- 
negatively curved spaces [2j EJ QUI El [EJ [16] . 

Although important results and examples were obtained, the classification of 
proper biharmonic submanifolds in spheres is still an open problem. 
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This paper is fully devoted to the classification of proper biharmonic submanifolds 
with certain geometric properties in spheres. 

It is organized as follows. In the preliminary section we remind some funda- 
mental characterization theorems and results on proper biharmonic submanifolds of 
space forms and, in particular, of the Euclidean sphere. This section also contains 
some basic information on finite type Euclidean submanifolds. Although defined in 
a different manner, finite type submanifolds are, in a natural way, solutions of a 
variational problem. They are critical points of the volume functional for a certain 
class of directional deformations (see [6]). 

In the third section we study the type of compact proper biharmonic submani- 
folds of constant mean curvature in § n and prove that they are 1— type or 2— type 
submanifolds of R n+1 . 

The fourth section is devoted to the complete classification of the proper bihar- 
monic hypersurfaces with at most two distinct principal curvatures in § m+1 . We 
prove that they are open parts of the hypersphere §> m (45) or of the Clifford tori 
S mi (-i=) x S m2 (-i=), mi + m,2 = m, mi ^ rri2 (see Theorem I4.3p . A similar result is 
obtained for conformally flat biharmonic hypersurfaces in spheres. On the contrary, 
for the hyperbolic space H m+1 we prove non-existence results for such hypersurfaces. 

In the fifth section we prove that the pseudo-umbilical biharmonic submanifolds 
in spheres have constant mean curvature and we give an estimate for their scalar 
curvature. Then we classify proper biharmonic pseudo- umbilical submanifolds of 
codimension 2 (Theorem l5.3p . We also prove that the only biharmonic surfaces with 
parallel mean curvature vector field in S n are the minimal surfaces of § ra_1 (-i=) (see 
Theorem I5.6P . 

Also, based on all the known results on biharmonic submanifolds in spheres, we 
suggest two conjectures. 

2. Preliminaries 

2.1. Biharmonic submanifolds. 

Consider (j) : M — * E n (c) to be the canonical inclusion of a submanifold M in 
a constant sectional curvature c manifold, E n (c). The expressions assumed by the 
tension and bitension fields are 

t{4>) = mH, ^((p) = —m(AH — mcH), 

where H denotes the mean curvature vector field of M in E n (c). 

The attempt of classifying the biharmonic submanifolds in space forms was initi- 
ated in [7] and [2] with the following characterization results, obtained by splitting 
the bitension field in its normal and tangent components. 

Theorem 2.1. [2]. The canonical inclusion <j> : M m — > E n (c) of a submanifold M 
in an n-dimensional space form E n (c) is biharmonic if and only if 

{-A ± H - trace B(-,A H -) + mcH = 0, 
2traceA v x i7 (-) + f grad(|# | 2 ) = 0, 

where A denotes the Weingarten operator, B the second fundamental form, H the 
mean curvature vector field, V -1- and A 1 - the connection and the Laplacian in the 
normal bundle of M in E n (c). 

For hypersurfaces, this result becomes 
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Proposition 2.2. Let M be a hypersurface o/E m+1 (c). Then M is proper bihar- 
monic if and only if 

( A ± H - (mc-\A\ 2 )H = 0, 

(2.2) 

[ 2A(grad(|fl'|)) + m|F| grad(|F|) = 0. 

In the case of the hyperbolic space some non-existence results were given. We 
recall here 

Theorem 2.3. [3]. Any biharmonic pseudo-umbilical submanifold M m , m / 4, of 
the hyperbolic space M n is minimal. 

For the sphere, using the canonical inclusion in the Euclidean space, the next 
caracterization result was obtained 

Theorem 2.4. [3]. If <f> : (M,g) — > S n is a Riemannian immersion and ip = i o <p, 

where i : S n — > M ra+1 is the canonical inclusion, then 

T 2 ((f>) = T 2 ((f) + 2mT((p) + {2m 2 - |t(c^)| 2 }^. 

The first achievement towards the classification problem is represented by the 
complete classification of proper biharmonic submanifolds of the 3-dimensional unit 
Euclidean sphere, obtained in [2]. 

Theorem 2.5. [2]. 

a) An arc length parameterized curve 7 : / —* § 3 is proper biharmonic if and 
only if it is either the circle of radius 4=, or a geodesic of the Clifford torus 

S^-L) x S 1 ^) C S 3 with slope different from dbl. 

b) A surface M is proper biharmonic in § 3 if and only if it is locally a piece of 
§ 2 (-i=) C S 3 . Furthermore, if M is compact and orientable, then it is proper 
biharmonic if and only if M = S 2 (-±=) . 

Then, inspired by the 3— dimensional case, two methods for constructing proper 
biharmonic submanifolds in S n were given. 

Theorem 2.6. [3]. Let M be a minimal submanifold of S" _1 (a) C S n . Then M is 
proper biharmonic in S n if and only if a = -±=. 

Remark 2.7. 

a) This result proved to be quite useful for the construction of proper bihar- 
monic submanifolds in spheres. For instance, it implies the existence of 
closed orientable embedded proper biharmonic surfaces of arbitrary genus in 
S 4 (see PI). 

b) All minimal submanifolds of 8 n-1 (-^) c S n are pseudo- umbilical, have pa- 
rallel mean curvature vector in § n and \H\ = 1. 

Non pseudo-umbilical examples were also produced by proving 

Theorem 2.8. [3]. Let M™ 1 and M™ 2 be two minimal submanifolds o/S ni (ri) and 
§™ 2 ( r 2); respectively, where n\ + n 2 = n — 1, r\ + r\ = 1. Then M\ x M 2 is proper 
biharmonic in E> n if and only if r\ = r 2 = and rrt\ ^ m 2 . 

Remark 2.9. 

a) The proper biharmonic submanifolds of S n constructed as above are not 
pseudo-umbilical, but have parallel mean curvature vector field, thus con- 
stant mean curvature, i.e. constant norm of the mean curvature vector field, 
and \H\ G (0,1). 
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b) The generalized Clifford torus, S ftl (^) x § n2 (^), n x + n 2 = n - 1, m ^ n 2 , 
was the first example of proper biharmonic submanifold in § n (see |12j). 

We end this section with a partial classification result for constant mean curvature 
biharmonic submanifolds in spheres. The result was obtained in [15] and due to its 
importance for our paper we shall present it with its proof. 

Theorem 2.10. [15J. Let M be a proper biharmonic submanifold with constant 
mean curvature \H\ in S ra . Then \H\ £ (0,1]. Moreover, if \H\ = 1, then M is a 
minimal submanifold of a hypersphere S n ~ 1 (^) C S n . 

Proof. Let M be a constant mean curvature biharmonic submanifold of S n . The 
first equation of (|2.ip implies that 

(A ± H,H) = m\H\ 2 - \A H \ 2 , 

and by using the Weitzenbock formula, 

^A\H\ 2 = (A ± H,H) - \V ± H\ 2 , 

it follows 

(2.3) m\H\ 2 = \A H \ 2 + \V ± H\ 2 . 

Let now {X{\ be a local orthonormal basis such that An(Xi) = \{Xi. From 

Aj = (A H (Xi),Xi) = (B(Xi,Xi),H) 



and 



using (|2.3p we obtain 

(2.4) ^ A, = ^(A,) 2 + | V L H\ 2 > + | V L H 



Thus 



m\H\ 2 > m\H\ 4 + \V ± H\ 2 . 
Consequently, if \H\ > 1, the last inequality leads to a contradiction. 

If \H\ = 1, then the last inequality implies V^H = and ^2(Xi) 2 = E ^' )2 = 
m, thus we get Ai = ... = A m . Therefore M is a minimal submanifold of the 
hypersphere S n-1 (^). □ 

2.2. Pseudo-umbilical submanifolds in spheres. 

Definition 2.11. A submanifold M of a Riemannian manifold N is said to be 
pseudo-umbilical if there exists a function A G C°°(M), such that Ah = Aid, where 
Ah is the Weingarten operator associated to the mean curvature vector field H of 
M in N. 

Remark 2.12. If M is a pseudo-umbilical submanifold of N, one can immediately 
prove that A = \H\ 2 . 

We also recall here two important geometric properties of pseudo-umbilical sub- 
manifolds in spheres. 

Theorem 2.13. [H p. 173]. Let M be an m— dimensional pseudo-umbilical subman- 
ifold of an n— dimensional unit Euclidean sphere § n . Then the scalar curvature r of 
M satisfies 

t < m(m - 1)(1 + \H\ 2 ). 
The equality holds if and only if M is contained in an m— sphere S m (- 7 ==) o/S n . 
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Theorem 2.14. [4] p. 180]. Let M m be a pseudo-umbilical submanifold in § m+2 . If 
M has constant mean curvature, then M is either a minimal submanifold of § m+2 
or a minimal hypersurface of a hypersphere of § m+2 . 

2.3. Finite type submanifolds in Euclidean spaces. 

Definition 2.15. An isometric immersion tp : M — > M n is called of finite type if 
ip can be expressed as a finite sum of W 1 — valued eigenf unctions of the Laplacian A 
of M . When M is compact it is called of k— type if the spectral decomposition of <p 
contains exactly k non-zero terms, excepting the center of mass. 

The following result constitutes a useful tool in determining whether a compact 
submanifold of 1" is of finite type. 

Theorem 2.16. (Minimal Polynomial Criterion).® [6]. Let ip : M m — > M. n be an 

isometric immersion of a compact Riemannian manifold M into M n and denote by 
H° the mean curvature vector field of M in M. n . Then 

a) M is of finite type if and only if there exists a non-trivial polynomial Q(t) 
such that Q(A)H° = 0. 

b) M is of finite type k if and only if there exists a unique monic (i.e. with 
leading coefficient equal to 1) polynomial P(t) with exactly k distinct positive 
roots, such that P(A)H° = 0. 



3. The type of compact proper biharmonic submanifolds in spheres 

In this section, by applying the preliminary results to the biharmonic case, we 
intend to analyze the type of proper biharmonic submanifolds of S n , as submanifolds 
in E n+1 . 

We prove the following 

Theorem 3.1. Let M m be a compact constant mean curvature, \H\ 2 = k, sub- 
manifold in S n . Then M is proper biharmonic if and only if 
either 

a) \H\ 2 = 1 and M is a 1-type submanifold ofM. n+1 with eigenvalue A = 2m, 
or 

b) \H\ 2 = k € (0, 1) and M is a 2-type submanifold ofW n+1 with the eigenvalues 
Ai, 2 = m(l± Vk). 

Proof. We directly apply Theorem 12.41 Denote by <j) : M — > S n the inclusion of M 
in S n and by i : S n R n+1 the canonical inclusion. Let ip : M -> R n+1 , ip = i o 0, 
be the inclusion of M in M n+1 . Denote by H the mean curvature vector field of M 
in S n and by H° the mean curvature vector field of M in M n+1 . 
The tension fields of the immersions 4> and <p are related by 

r(p) = t{4>) — rap 

and from here it follows that H° = H — p. 

Also, from Theorem 12.41 we § e t that T2{<p) = if and only if 

(3.1) AH — 2mH° + m{\H\ 2 - l)p = 0. 

There are two situations to be analyzed. 

If \H\ 2 = 1, then AH - 2mH° = 0, and Theorem EH] implies that M is a 1-type 
submanifold in M n+1 with eigenvalue A = 2m. 
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If \H\ 2 = k £ (0, 1), then equation (|3.ip implies 

= AAH° - 2mAH° + m(k - l)A<p 
= AAH° - 2mAH° - m 2 {k - 1)H°. 

The monic polynomial with positive distinct roots described in Theorem 12.161 
which provides the type of the submanifold M, is 

P(A) = A 2 - 2mA 1 - m 2 {k - 1)A°, 

so M is a 2-type submanifold with eigenvalues Ai t 2 = m(l ± \f~k~). 

For the converse, let first M be a constant mean curvature \H\ = 1 submanifold 
of § n . Suppose it is of 1— type with eigenvalue A = 2m in M n+1 . This means that 
A<p = 2mip, and by applying A, it implies AH — 2mH° = 0. From here we see 
that M satisfies equation (|3.ip . i.e. it is biharmonic in S n . 

When \H\ 2 = k £ (0, 1) and M is a 2— type submanifold in M n+1 with eigenvalues 
Ai, 2 = m(l ± Vk) we have 

(f = X\ + x 2 , 

where Axi = AjX,, i = 1,2. Applying the Laplacian we obtain 

H° = -{x\ + x 2 + \fk(xi - x 2 )} = — (p — Vk(xi - x 2 ) 

and 

AH = -m{(k + l)(p + 2(-tp - H )} = -m{{k - l)ip - 2H }. 
Finally, using ()3.ip . M is biharmonic in S n . □ 

Remark 3.2. Note that, using Theorem 12.101 we can conclude that all proper 
biharmonic submanifolds of § ra with \H\ = 1 are 1— type submanifolds in R n , 
independently on whether they are compact or not. 



4. The classification of biharmonic hypersurfaces with at most two 
distinct principal curvatures in spheres 

We recall that if M is a proper biharmonic umbilical hypersurface in S m+1 , then 
it is an open part of §i m (-^) and that there exist no proper biharmonic umiblical 

hypersurfaces in M m+1 or in the hyperbolic space EI m+1 . 

Similarly to the case of the Euclidean space (see [8j), the study of proper bihar- 
monic hypersurfaces with at most two distinct principal curvatures constitutes the 
next natural step for the classification of proper biharmonic hypersurfaces in space 
forms. 

We underline the fact that there exist examples of hypersurfaces with at most two 
distinct principal curvatures and non-constant mean curvature in any space form. 
In the following we show that, by adding the hypothesis of biharmonicity, the mean 
curvature proves to be constant. 

Theorem 4.1. Let M be a hypersurface with at most two distinct principal curva- 
tures mE m+1 (c). IfM is proper biharmonic in E m+1 (c), then it has constant mean 
curvature. 

Proof. If M is umbilical we immediately get to the conclusion. 

For M non-umbilical, suppose that \H\ is not constant. This, together with 
the hypothesis for M to be proper biharmonic with at most two distinct principal 
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curvatures in E m+1 (c), implies the existence of an open subset U of M, with 

grad p / / 0, 



(4.1) 



f(p) > 0, VpeU 
hip) + k 2 {p), 
mi,rri2 constant, 

where, denoting by r] the unit section in the normal bundle, / is the mean curvature 
function of U in E m+1 (c), i.e. H = —(trace A)r] = frj, and ki, &2 are the principal 
curvature functions w.r.t. rj, with multiplicities mi,m2- 

Under these hypotheses, we shall prove that / is constant on U, contradicting the 
condition grad p / / 0, Vp G U. 

Since M is proper biharmonic in E m+1 (c), from (12, 2h we have 

f A/ = (mc-|^| 2 )/, 

(4.2) 

[ A(grad/) = -f/grad/. 

Consider now X\ = — — on U. Then X\ is a principal direction with principal 

I grad f\ 

curvature k\ = — Suppose that there are m\ principal directions of principal 
curvature k\ and m<i principal directions of principal curvature /c2 ^ k\ and recall 
that mf = m\k\ + m^ki- 

We shall use the moving frames method and denote by X\, {Xi}™} 2 , {X a }™ =mi+1 
the orthonormal frame field of principal directions and by {w"}JJl =1 the dual frame 
field of {X a }™ =1 on U. 

Obviously, 

Xi(f) = (Xi,grad/) = |grad/|(X i) X 1 ) =0, i = 2,... J m 1 
and analogously X a (f) = 0, a = mi + 1, . . . , m, thus 

grad/ = (/)*!. 

We write 

VX a = J a X b , J a G C(T*C7). 
From the Codazzi equations for M we get 

(4.3) X a (k b ) = (k a - k b )to b a (X b ) 
and 

(4.4) {k b - k d )toi(X a ) = (k a - k d )to d a (X b ), 

for distinct a, b, d = 1, . . . , m. 

We shall show, in the first place, that m\ = 1. 
Consider in equation (|4.3p . a = 1, b = i. This leads to Xi(k±) = 0, thus | grad/| = 
on U and we have a contradiction. From here it results that mi = 1, thus 

3m 

fc2 = ^7 T\J' 

2(m — 1) 

Consider now in (|4.3f) . a = 1 and 6 = a. We obtain 

(4.5) 3X 1 (/) = -(m + 2)M Q (X a ). 
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For a = a, b = 1, as = X a (ki), equation f|4.3j) leads to cof(Xi) = and we can 
write 

(4.6) wf(JTi) = 0, Va = l,...,m. 
From (|4,4p . for a = 1, 6 = a and d = (3, with a / /3, we get 

(4.7) w?(X a ) =0, Va / /?. 
We now compute 



(4.8) Af = -div(grad/) = -(Vx 1 grad/,X 1 )-J](Vx Q grad/,X 

m 

= -X 1 (X 1 (f))-X 1 (f)Y t d?(X a ) 

a=2 

By using (|4.5p we get that 

(4.9) /A/ = -fX 1 {X 1 (f)) + (X^/)) 2 . 
As |A| 2 = *f + (m - = ^Sgff / 2 and M is biharmonic, 



Af = (mc-\Af)f=(mc-4^±^f)f, 



4(m— 1) 

/ 

= I my — - 

4(m - 1) 
and equation (|4.9p becomes 

(4.10) /*(*(/)) - - ^±^f + m cf = 

m + 2 ' 4(m — 1) 

We shall now use the Gauss and the Cartan structural equations in order to obtain 
other information on /. We have 

m 

dujf = -J^^l Au} a~ (kik 2 + c)u 1 Aw", 

a=l 

thus, using equations (|4.6p and (|4.7p . we get 

(4.11) ^f(X 1 ,X a ) = -fc 1 A :2 - C =- rr/'-c. 

4(m — 1) 

On the other hand from (|4.6|) and (|4.7|) we obtain ojf = ui"(X a )cv a , thus 
implies 

(4.12) 3X 1 (f)d a = -(m + 2)fu%. 
By differentiating (|4.12p we obtain 

(4.13) 3d(Xi(/)) Aw a + 3Xi(/)dw a = -(m + 2)(d/ Awf + /dwf). 
We use (|4.1ip . substitute 

(dX 1 (f)Au a )(x 1 ,x a ) = x 1 (x 1 (fj), 

duj a (X 1 ,X a )=u?(X a ), 
{dfA^){X u X a ) =Xi(f)u?(X a ) 

in (|4.13p and obtain 

( , 14) !Xl(xm _ =±| (Jfl(/)) . + _ ^ = „. 



Consider now an arbitrary integral curve 7 of X\ and denote by /' and /" the 
first and the second derivatives of / along this curve. Equations (|4.10p and (14. 14ft 
become, respectively, 

(4.15) //" - ^-^(/') 2 - + mcf = 

m + 2 4(m — 1) 

and 

(4.16) f f-^ {f r- + ^±^f'-'^cf^0, 

m + 2 4(m — 1) 3 

along 7. 

Multiplying by (m + 5) equation (|4.15f) and by — 3(m — 1) equation (|4.16p and 
summing up, we get 

(4.17) (4 - m )ff" = " l2( '"; + 4 7, + 9) / < - (.» 2 + 3m - Dcf. 

2{m — 1) 

For m = 4, equation (|4.17p implies / =constant and thus drives to the contradiction. 
For m 7^ 4, we multiply equation (|4.17p by /'//, integrate the result and obtain 

fAl*\ (f'\* - m W+ 4m + 9 ) H ( m2 + 3m-l) 2 

(418) (/) " 8(4-m)(m-l) / " 2(4 - m) C/ + ^ 

On the other hand, multiplying by —1 equation (j4.15j) and adding it to equation 
KWh leads to 

, 2 _ m 2 (m + 5)(m + 2) 4 (2m+l)(m + 2) 2 
1 j Uj 4(4-m)(m-l) J 3(4 - m) 1 

From (|4.18p and (|4.19p we conclude that / is the solution of a polynomial equation, 
thus / is constant along 7. As 7 was an arbitrary integral curve for X\ we have 
X\ (/) = on U, thus we arrive to a contradiction. □ 

To strengthen the Generalized Chen's Conjecture, as an immediate consequence 
of Theorem 14.11 we have the following non-existence result. 

Theorem 4.2. There exist no proper biharmonic hypersurface with at most two 
distinct principal curvatures in HI m+1 . 

Proof. Suppose that M is a proper biharmonic hypersurface with at most two dis- 
tinct principal curvatures in H m+1 . From Theorem 14. 1\ the mean curvature of M is 
constant, and applying Proposition 12.21 we obtain \A\ 2 = —m and we conclude. □ 

The case of the sphere is essentially different. Theorem 14.11 proves to be the main 
ingredient for the following complete classification of proper biharmonic hypersur- 
faces with at most two distinct principal curvatures. 

Theorem 4.3. Let M m be a proper biharmonic hypersurface with at most two dis- 
tinct principal curvatures in § m+1 . 

ThenM is an open part fS m (^) or o/S mi (^) xS m2 (^) ; m 1 +m 2 = m,m 1 ^ mi- 
Proof. By Theorem l4.lt the mean curvature of M in S m+1 is constant and, by using 
Proposition 12.21 we obtain |yl| 2 = m. These imply that M has constant principal 
curvatures. 

For \H | 2 = 1 we conclude that M is an open part of § m (-i=). 
For \H\ 2 E (0, 1) we deduce that M has two distinct constant principal curvatures. 
Proposition 2.5 in [17] implies that M is an open part of the product of two spheres 



10 A. BALMUS, S. MONTALDO, AND C. ONICIUC 

S mi (a) x § m2 (6), such that a 2 + b 2 = 1, mi + rri2 = m. Since M is biharmonic in 
S n , from Theorem 12.81 it follows that a = b = -±= and mi ^ ni2- □ 

Remark 4.4. Note that, for m = 2 we recover the result in Theorem 12.51 6). 

We recall that a Riemannian manifold is called conformally flat if for every point 
it admits an open neighborhood conformally diffeomorphic to an open set of an Eu- 
clidean space. Also, a hypersurface M m C N m+1 which admits a principal curvature 
of multiplicity at least m — 1 is called quasi-umbilical. 

Theorem 4.5. Let M m , m > 3, be a proper biharmonic hypersurface in § m+ . The 
following statements are equivalent 

a) M is quasi-umbilical, 

b) M is conformally flat, 

c) M is an open part o/S m (^=) or o/S 1 ^) x S^ 1 ^). 

Proof. By Theorem l4.3l we get that a) is equivalent to c). Also, note that c) obviously 
implies b). 

In order to prove that b) implies a), remind that, for m > 4, by a well-known 
result (see [1]), any conformally flat hypersurface of a space form is quasi-umbilical 
and we conclude. 

For m = 3, as M is conformally flat, it results that the (0,2)— tensor field 
L = — Ricci +t( i )> where s is the scalar curvature of M, is a Codazzi tensor field, 
i.e. 

(4.20) (V X L)(Y, Z) = (V Y L)(X, Z), VX, Y, Z G C(TM). 

Using the notations from the proof of Theorem 14.11 the Gauss equation implies 
Ricci(X, Y) = 2(X, Y) + 3f(A(X),Y) - (A(X),A(Y)) 

and 

(4.21) s = 6 + 9/ 2 - \A\ 2 . 

We use the same techniques as in the proof of Theorem 14.11 Suppose the existence 
of an open subset U of M with 3 distinct principal curvatures. 

If / is constant on U, using the above expressions, we conclude that U is flat 
and the product of any of its two principal curvatures is —1, thus we get to a 
contradiction. 

Assume that / is not constant on U. We can suppose that grad p / ^ 0, \/p £ U. 

Consider X\ = — — . As M is proper biharmonic, X\ gives a principal direction 

I grad / 1 

3 9 
with principal curvature k% = — —f. From ^1+^2+^3 = 3/, we can write hi = -/ + e 

9 

and &3 = — / — s, e G C°°(U). Using the Codazzi and Gauss equations and equations 

(|4.20p and (|4.2ip we show that / = ae 5 , a G R, and combining all these relations we 
obtain e as the solution of a polynomial equation and we get to a contradiction. 

Finally, it results that M has at most two distinct principal curvatures and we 
conclude. □ 

For what concerns proper biharmonic hypersurfaces with constant mean curvature 
in spheres we also have the following geometric property 
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Proposition 4.6. Let M be a proper biharmonic hypersurface with constant mean 
curvature \H\ 2 = k in § m+1 . Then M has constant scalar curvature, 

s = m 2 (l + k) — 2m. 

Proof. Since M is proper biharmonic of constant mean curvature, the squared norm 
of its second fundamental form is \A\ 2 = m. By applying the Gauss equation, we 
conclude. □ 

In view of the above results we propose the following 

Conjecture: The only proper biharmonic hypersurfaces in § m+1 are the open parts 
of hyper spheres § m (-^) and of generalized Clifford tori § mi (-±=) x 8 m2 (^), m\ + 

777-2 = m , m l 7^ m 2- 

5. CODIMENSION 2 BIHARMONIC PSEUDO-UMBILICAL SUBMANIFOLDS IN SPHERES 

We shall first prove a general result concerning the mean curvature of biharmonic 
pseudo-umbilical submanifolds in spheres 

Theorem 5.1. Let M be a pseudo-umbilical submanifold of S n , m ^ 4. If M is 

biharmonic, then it has constant mean curvature. 

Proof. Consider x S M and let {Aj} i= y-^ be a local orthonormal frame field geodesic 
in x. As M is biharmonic, from (|2.ip we get 

(5.1) trace A V ± H (-) = ~ grad(|F| 2 ). 
On the other hand, in x, by standard computations, we get 

traceA v x H (-) = £ {Xi(V%X u H) - (V%V%X h H)}X 3 , 

i,3 i 
£<vf>f JQ,^ = ygrad(|^| 2 ). 

Now, as M is pseudo-umbilical, VxiAffC^i) = grad(|if| 2 ), thus 

i 

2 TYl 

(5.2) trace A v x H (-) = ^— grad(|tf| 2 ). 

By putting together expressions (|5.ip and (|5.2p . we conclude. □ 

The first consequence of this result is an estimate for the scalar curvature of 
biharmonic pseudo-umbilical submanifolds in spheres. 

Proposition 5.2. Let M m be a biharmonic pseudo-umbilical submanifold of S n , 
777 ^ 4. Then its scalar curvature s satisfies 

s < 2777(777 — 1). 

The equality holds if and only if M is open in E> m (-j=). 
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Proof. Prom Theorem l2.13l the scalar curvature s of a pseudo-umbilical submanifold 
M of § ra satisfies s < m(m — 1)(1 + |-ff| 2 ), and equality holds if and only if M is 
contained in an m-sphere of S n . 

By using Theorem 15. II and Theorem 12. 101 as M is biharmonic, it follows that its 
constant mean curvature satisfies \H\ £ (0, 1], and this completes the proof. □ 

For what concerns biharmonic pseudo-umbilical submanifolds of codimension two 
we obtain the following rigidity result. 



Theorem 5.3. Let M m be a pseudo-umbilical submanifold ofS , Then 
M is proper biharmonic if and only if it is minimal in 8 m+1 (-^). 

Proof. From the hypotheses, using Theorem 15. H we deduce that M has constant 
mean curvature. Now, by using Theorem 12. 14| it follows that any such submanifold 
is either minimal in § m+2 or minimal in a hypersphere of § m+2 . But M is proper 
biharmonic in § m+2 and, from Theorem 12.61 we conclude. □ 

Replace now the condition on M to be pseudo-umbilical with that of being a 
hypersurface of a hypersphere in § m+2 . 

Theorem 5.4. Let M m be a hypersurface o/S m+1 (a) C § m+2 , a G (0,1). Assume 
that M is not minimal in § m+1 (a). Then it is biharmonic in S m+2 if and only if 
a > andM is open in § m (^) C S m+1 (a). 

Proof. Note that the converse follows immediately from Theorem 12.61 

In order to prove the other implication, denote by j and i the inclusion maps of 

M in S m+1 (a) and of S m+1 (a) in S m+2 , respectively. 
We consider 

m+2 

rn +lfr,\ — J ( rrX f\ ~2\ _ Trpm+3 . \ * /J\2 „2l r (am+2 



L (a) = | (x 1 , . . . , x m+2 — a 2 ) E M m+3 : ^(x*) 2 = a 2 } C S' 

Then 

C(TS m+1 (a)) = {{X\...,X m+2 ,0) e C(TR m+3 ) : ^ x i X i = o}, 

while 



i=i 



1 f ,1 ^.m+2 q2 



7? = - X 



c V Vl - o 

is a unit section in the normal bundle of S m+1 (a) in § m+2 , where c 2 = rzrs, c > 0. 
By computing the tension and bitension fields of eft = i o j, one gets 

m 

r{4>) = r(j) n, 

c 

and 

r 2 (0) = r 2 (j) - ^V(j) + I{|r(j)| 2 - ^(c 2 - !)}„. 
By the hypotheses M is biharmonic in S m+2 , thus 

|r(j)| 2 = ^(c 2 -l) = ^(2a 2 -l) 

and, since r(j) / 0, this implies a > 
Also, 

K0)| 2 = |r(j)| 2 + ^=m 2 . 

cr 



13 



This implies that the mean curvature of M in § m+2 is 1, thus, using Theorem 12. W\ 
M has to be a minimal submanifold of the hypersphere § m+1 (-i=) c § m+2 , i.e. it is 
pseudo-umbilical and with parallel mean curvature vector field in § m+2 . 

Since M C S m+1 (a) is pseudo-umbilical in S m+2 it results pseudo-umbilical, and 
thus totally umbilical, in S m+1 (o). From here follows that M is an open subset of 
a hypersphere § m (r) in S m+1 (a). But it is proper biharmonic in S m+2 , thus r = 
and we conclude. □ 

Corollary 5.5. Let M be a proper biharmonic hypersurface of a hypersphere § m+1 (a) 
in S m+2 , a e (0, 1). Then a>^=. Moreover, 

a) if a = then M is minimal in § m+1 (-±=) 

b) if a > i, then M is an open part o/§> m (-±j). 

We also use Theorem 15.41 in order to prove 

Theorem 5.6. Let M 2 be a proper biharmonic surface with parallel mean curvature 
vector field in S n . Then M is minimal in S n ~ 1 (A=). 

Proof. B-Y. Chen and S-T. Yau proved (see [U p. 106]) that the only non-minimal 
surfaces with parallel mean curvature vector field in § n are either minimal surfaces 
of small hyperspheres S n_1 (a) of S n or surfaces with constant mean curvature in 
3— spheres of S n . 

If M is a minimal surface of a small hypersphere S n_1 (a), then it is biharmonic 
in S n if and only if a = (see Theorem 12. 6p . 

If M is a surface in a 3-sphere § 3 (a), a G (0, 1], of S n then we can consider 

M — ► S 3 (a) — > S 4 — ► S n . 

Note that M is biharmonic in § n if and only if it is biharmonic in S 4 . From Theo- 
rem EU for a S (0, 1), we conclude that either a = -±= and M is minimal in S 3 (^j)) 
or a > ^ and M is an open part of § 2 (-tj)- For a = 1, from Theorem 12.51 also 
follows that M is an open part of § 2 (^). 

In all cases M is minimal in S n ~ 1 ( -J= ) . □ 

Remark 5.7. All the results we have proved so far could suggest that the codimen- 
sion 2 biharmonic submanifolds of S n come from minimal submanifolds of S n ~" 1 (-ij). 
This is not the CclSG ELS shown by the following 

Theorem 5.8. [lj. Let 4> ■ M 3 —> S 5 be a proper biharmonic anti-invariant immer- 
sion. Then the position vector field xq = i ° 4> = xq(u,v,w) of M in M. e is given 
by 

x (u,v,w) = ^e iw {e iu ,ie- iu smV2v,ie- iu cosV2v), 
where i : S 5 —> M 6 is the canonical inclusion. 

Remind that if we consider a Sasakian manifold (N, & ,t;,r], g) and a submanifold 
M tangent to £, M is called anti-invariant if $ maps any tangent vector to M which 
is normal to £ to a vector which is normal to M. Also, a map eft : M — > § n is said to 
be full if the image <f>(M) is contained in no hypersphere of S n . 

Note that <p is a full proper biharmonic anti-invariant immersion from a 3— dimen- 
sional torus into S 5 . The immersion has constant mean curvature, is non pseudo- 
umbilical and its mean curvature vector is not parallel in S 5 . In addition to these 



14 



A. BALMU§, S. MONTALDO, AND C. ONICIUC 



properties, since \H\ = 1/3, from Theorem 13.11 we conclude that xq is a 2— type 
submanifold of R 6 with eigenvalues 2 and 4. 

We also note that the product x M m , where M is a minimal non-geodesic 

hypersurface of S m+1 (-i=), is a full proper biharmonic submanifold of S m+3 of codi- 
mension 2. 

Since all the known examples of proper biharmonic submanifolds in spheres have 
constant mean curvature we propose the following 

Conjecture: Any biharmonic submanifold in § n has constant mean curvature. 
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